INTRODUCTION
The scaling of ranks of organ flue pipes to produce a coherent, characteristic, and tonally balanced ensemble is a problem which has confronted organ builders for many centuries.
The solutions which they developed were initially empirical and the more satisfactory ones were then refined into scaling laws of which •eve.ral exist. 1 The precise relationships between attack, intensity, and harmonic development of the pipes which are necessary to constitute a satisfactory rank design are still not well understood, except in a qualitative way, and a great deal depends upon the experience and skill of the designer and voicer.
When we try to attack this problem we find that many things about the behavior of a single flue pipe are not well understood either. Even leaving aside the musically most important attack transient, the way in which the spectrum of the sound radiated by a pipe depends upon its scale (length to diameter ratio) and upon the geometry of mouth and jet is known only in qualitative outline. The purpose of the present paper is to develop in quantitative form the nonlinear interaction theory put forward by Benade. In subsequent papers, we hope to present the results of an experimental study of some of the predictions of the theory and finally to relate our conclusions to the initial problem of the tonal design of a rank of flue pipes. We shall see that the results also have relevance to tone development in the flute.
I, THE JET AS AN EXCITATION MECHANISM
The interaction between sound waves and an air jet issuing from an orifice has been studied in some detail by Brown? He showed that interaction takes place almost exclusively at the point where the jet emerges from the orifice and that the interaction induces the formation of vortices which progress along the jet with a velocity rather less than thai of the fluid.
Coltman s has carried out detailed measurements of the acoustic impedance of such a jet when it travels a relatively short distance and then impinges upon an edge which'is part of the embouchure hole of a flute. In this study, he was able to measure the acoustic impedance at a given frequency as a function of jet velocity and found a behavior of the sort illustrated in Fig. 1 In the linear approximation which we are using, the amplitude of the jet deflection is proportional to the acoustic disturbance vexp(i•0t)which causes it, though we cannot immediately say whether or not any phase change is involved in the interaction, nor exactly what the'coupling constant is. We can, however, absorb both these uncertainties into an effective interaction constant T to write's the pressure disturbance p generated when the jet strikes the pipe lip as
The interaction constant T depends in detail upon the geometry of the jet, the pipe mouth, and the pipe lip and is in general complex, of the form yoexp( -i6). I/we take all the coefficients a; to be real and follow a development similar to that leading to Eq. 1, then we find, for a velocity disturbance vexp(iwt), the jet-gen-
where the jet phase shift/5 is now incorporated explicitly in the argument. Any possible dispersive behavior of wave-propagation veIocity along the jet is immaterial at this stage since the higher harmonics are generated only in the interaction of the jet with the lip edge, rather than propagating along the jet. This statement does not hold true, however, for the next step in the development.
We can now extend this analysis further to suppose that the original velocity disturbance has a It now no longer makes sense to try to define an effective impedance for the jet because the nonlinearity leads to a great deal of frequency conversion. Rather, let us consider in a more detailed way the interaction between the jet and the resonant modes of the pipe. To solve the set of Eqs. 8 is a formidable task, but we can simpliiy them considerably il we assume the pipe resonances to be sufficiently sharp that they are essentially nonoverlapping. This is a good approxima- 
we find Conversely, for pressures less tl•n that for the center of the range, w becomes progressively less than w t . In a real situation, the jet will spread and its velocity decrease as it moves across the mouth to the lip, but for simplicity, we shall ignore this complication and assume it to remain as a sheet of thickness W. The jet travels across the mouth a distance d and then impinges on the sharp lip of the pipe on the plane x = 0 at a transverse distance x0 (which we shall call the offset) from the plane of symmetry of the jet. We now further assume that, when a steady airflow of particle velocity v is flowing out of the pipe mouth, the jet is deflected outwards by an amount av to be intercepted by the pipe lip at a distance %+ av from the jet symmetry plane. The coefficient a, with the addition of a phase shift as discussed before, then measures the sensitivity of the jet to acoustic disturbance.
(o•-•oz +i•okl)C[=-i•o(aicl+3ascl•)e 'i(e*•) ,
For the purposes of our present calculation it is helpful to dissect this parameter a a little further to display in approximate form its dependence on other physical parameters of the system. We qhould expect, for ex- (1) For a note which is reasonably well above its sounding threshold, the amplitude of the fundamental is most largely controlled by the thickness W of the jet. The amplitude of this fundamental increases steadily with Wuntil, at a critical value (in this case W-•l.5 ram), the pipe ceases to speak.
(2) The amplitude of the second partial (which is, in fact, the second harmonic of the pipe tone), in contrast decreases as the thickness W of the jet increases. The amplitude of this second harmonic increases very markedly, for a given pipe, as the blowing pressure P is increased and has its maximum value at a pressure just below that at which the pipe overblows. The amplitude of the second harmonic is greatest when the frequency of the second resonance is equal to twice the sounding frequency. (5) For a given pipe, the sounding frequency depends strongly upon the blowing pressure and increases as this is increased. When overblowing occurs, the frequency jumps by a little less than a factor of 2, despite the fact that the upper resonance is at more than twice the frequency of the lower.
VIII. CONCLUSIONS
The approach to the nonlinear pipe excitation developed in this paper is a quite general one but its predictions in particular cases are quite explicit. The example displayed in the previous section is an arbitrary one, but its 
